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Abstract
Let G be a simple graph, and let p be a positive integer. A subset D ⊆ V (G) is a p-dominating set of the graph G, if every
vertex v ∈ V (G)−D is adjacent to at least p vertices in D. The p-domination number p(G) is the minimum cardinality among the
p-dominating sets of G. Note that the 1-domination number 1(G) is the usual domination number (G). This deﬁnition immediately
leads to the inequality (G)2(G).
In this paper we present some sufﬁcient as well as some necessary conditions for graphs G with the property that 2(G) = (G).
In particular, we characterize all cactus graphs H with 2(H) = (H).
© 2007 Elsevier B.V. All rights reserved.
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1. Terminology
We consider ﬁnite, undirected, and simple graphs G with vertex set V (G) and edge set E(G). The number of vertices
|V (G)| of a graph G is called the order of G and is denoted by n=n(G). The neighborhood N(v)=NG(v) of a vertex
v consists of the vertices adjacent to v and d(v) = dG(v) = |N(v)| is the degree of v. By  = (G) and  = (G),
we denote the minimum degree and the maximum degree of the graph G, respectively. A vertex of degree one is called
a leaf. For a subset S ⊆ V (G), we deﬁne by G[S] the subgraph induced by S. A graph G is a block-cactus graph if
every block of G is either a complete graph or a cycle. Recall that G is a cactus graph if every block of G is a cycle.
If we substitute each edge in a non-trivial tree by two parallel edges and then subdivide each edge, then we speak of a
C4-cactus.
The covering number (G) =  of a graph G is the cardinality of a smallest covering of G. Let p be a positive
integer. A subset D ⊆ V (G) is a p-dominating set of the graph G, if |NG(v) ∩ D|p for every v ∈ V (G) − D. The
p-domination number p(G) is the minimum cardinality among the p-dominating sets of G. Note that the 1-domination
number 1(G) is the usual domination number (G). A p-dominating set of minimum cardinality of a graph G is called
a p(G)-set.
In [3,4], Fink and Jacobson introduced the concept of p-domination. For a comprehensive treatment of domination
in graphs, see the monographs by Haynes et al. [5,6].
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2. Preliminary results
The following results play an important role in our investigations.
Theorem 2.1 (Bollobás andCockayne [2]). If G is a graphwithout isolated vertices, thenGhas aminimumdominating
set D such that for all d ∈ D there exists a neighbor f (d) ∈ V (G) − D of d such that f (d) is not a neighbor of a
vertex x ∈ D − {d}.
Proposition 2.2 (Volkmann [8], p. 221). If G is a connected graph with (G) = (G), then (G)2.
Theorem 2.3 (Randerath andVolkmann [7]). Let G be a connectedC4-cactus with the partite sets A and B. If |A| |B|,
then |A| = (G) = (G) and |B| = 2|A| − 2.
Proposition 2.4 (Blidia et al. [1]). If G is a graph with (G)2, then every covering is also a 2-dominating set and
thus 2(G)(G).
Observation 2.5. If G is a graph with (G)2 and (G) = (G), then 2(G) = (G).
Proof. It follows from the hypothesis and Proposition 2.4 that
(G)2(G)(G) = (G)
and thus 2(G) = (G). 
3. Main results
Theorem 3.1 (Fink and Jacobson [3]). If p2 is an integer and G is a graph with p(G), then
p(G)(G) + p − 2.
This theorem implies that p(G)> (G) when p3. However, in the case p = 2 the equality 2(G) = (G) is
possible. In this section we will present some sufﬁcient as well as some necessary conditions for graphs G with the
property that 2(G) = (G). In particular, we will characterize all cactus graphs H with 2(H) = (H).
Theorem 3.2. If G is a connected non-trivial graph with 2(G) = (G), then (G)2.
Proof. Assume that (G)=1 and let u be a leaf of G. If D is a 2(G)-set and S =V (G)−D, then u ∈ D. If S =∅, then
we arrive at the contradiction (G)<n(G) = 2(G). So we assume now that S = ∅. Let w be the neighbor of the leaf
u. If w ∈ D, then D′ = D − {u} is a dominating set of G with |D′| = |D| − 1, a contradiction to |D| = 2(G) = (G).
If w ∈ S, then there exists a vertex v ∈ N(w) ∩ D with v = u. Since each vertex in S is adjacent to 2 or more vertices
in D, we observe that D′′ = (D ∪ {w})− {u, v} is a dominating set of D with|D′′| = |D| − 1. This is a contradiction to
|D| = (G), and the proof is complete. 
As for a graph G we have 2(G)= (G) if and only if 2(F )= (F ) for each component F of G, we only deal in the
following with connected graphs; one can easily generalize the results to non-connected graphs.
Theorem 3.3. Let G be a connected non-trivial graph with 2(G) = (G). Then G contains a bipartite factor H with
(H) = (H) and (H) = 2.
Proof. Let D be a 2(G)-set and S = V (G) − D. In view of Theorem 3.2, (G)2 and thus S = ∅. Next we show
that D is an independent set.
Suppose to the contrary that there exists an edge uv in G[D]. Since each vertex in S is adjacent to 2 or more vertices
in D, we observe that D′ =D−{u} is a dominating set of G with |D′|= |D|−1, a contradiction to |D|=2(G)=(G).
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If we delete all edges in G[S], then we obtain a bipartite factor H of G such that each vertex in S is furthermore
adjacent to 2 or more vertices in D. Thus (H)2, 2(H) = 2(G) = (G) and D is a covering of H. This implies
(G) = (H)(H)2(G) = (G)
and consequently (H) = (H). From Proposition 2.2 we ﬁnally obtain (H) = 2. 
Regarding Theorem 3.3, one is tempted to believe that the converse of Observation 2.5 is valid for all bipartite graphs.
However, this assumption is completely wrong. We will illustrate this by the following example, in which 2 =  and
2 but  is arbitrary large. The graph consists of two complete bipartite graphs K2,p, where p4. Both are connected
by a matching that is built by exactly p−2 vertices of the two partition sets of order p of the K2,p’s (Fig. 1). Between the
vertices that are incident to this matching one can also add arbitrary many edges such that the graph remains bipartite
and the result is the same. It is now evident that 2(G) = (G) = 4, (G)2 and (G) = p + 2.
Anyhow, for cactus graphs without bridges the converse of Observation 2.5 is valid. We will show this statement by
proving the next theorem.
Theorem 3.4. Let G be a connected cactus graph without bridges. Then 2(G) = (G).
Proof. We will prove our statement by induction on the number (G) of cycles in G. If G is a cycle, then the statement
is clear and every minimum covering of G is at the same time a 2(G)-set. Now assume that (G)2 and that in every
connected cactus graph G′ with (G′)< (G) and without bridges the property 2(G′) = (G′) is fulﬁlled and that
every 2-domination set of G′ is at the same time a covering set. Note that, since there are no bridges, (G′)2 and
hence by Proposition 2.4 every covering is also a 2-dominating set. Let C be an end cycle in G and u its cut vertex in
G. Since G does not contain bridges, G′ = G − (V (C) − {u})) is again a cactus graph with (G′) = (G) − 1 and of
course without bridges. It follows by the induction hypothesis 2(G′) = (G′). Let B be a minimum covering of C.
Then B is also a 2(C)-set and, without loss of generality, we can assume that u ∈ B.
Case 1: Assume that there is a 2(G′)-set D′ of G′ with u ∈ D′. By the induction hypothesis we obtain that D′ is
also a minimum covering of G′. The set D′ ∪ (B − {u}) is thus both a covering and a 2-dominating set of G. Suppose
there is a 2-dominating set D of G with 2(G) = |D|< |D′ ∪ (B − {u})|. We can assume, without loss of generality,
that u ∈ D and thus |D ∩ V (C)| = |B| and D ∩ V (G′) is a 2-dominating set of G′. It follows
|D ∩ V (G′)| = |D| − |D ∩ V (C)| + 1< |D′ ∪ (B − {u})| − |B| + 1 = |D′|
and we obtain a contradiction to the minimality of D′. Hence D′ ∪ (B − {u}) is a 2(G)-set. For being (G)2 we
have again 2(G)(G) and since D′ ∪ (B −{u}) is also a covering of G, we obtain |D′ ∪ (B −{u})|= 2(G)=(G).
Case 2: Assume that u /∈D′ for every 2(G′)-set D′. By induction hypothesis D′ is also a minimum covering, which
implies that D′ ∪ B is as well a covering of G as a 2-dominating set of G. Suppose there is a 2-dominating set D of
G with 2(G) = |D|< |B ∪ D′|. Without loss of generality, let u ∈ D. Then |D ∩ V (C)| = |B| and D ∩ V (G′) is a
2-dominating set of G′. This implies
|D ∩ V (G′)| = |D| − |D ∩ V (C)| + 1< |D′ ∪ B| − |B| + 1 = |D′| + 1
and thus |D ∩ V (G′)| |D′| and D ∩ V (G′) is a 2(G′)-set which contains u, a contradiction to our assumption. 
2280 A. Hansberg, L. Volkmann / Discrete Mathematics 308 (2008) 2277–2281
. . .
1 2 q
Fig. 2. 2 = 3q,= 3q + 	q/2
.
Fig. 3.
Note that the statement of Theorem 3.4 can also be extended to not necessarily connected cactus graphs without
bridges. The condition in Theorem 3.4 without bridges is sufﬁcient but not necessary for satisfying the property 2 =.
Fig. 2 shows that for cactus graphs with bridges the covering number can be much larger than the 2-domination number.
However, there are indeed cactus graphs with bridges that satisfy the property 2 = , as for example the graph in Fig.
3 illustrates.
Corollary 3.5. Let G be a connected cactus graph without bridges. Then 2(G) = (G) if and only if (G) = (G).
Proof. If (G)=(G) then, because of (G)2, it follows from Observation 2.5 that 2(G)= (G). If 2(G)= (G),
then Theorem 3.4 implies 2(G) = (G) and thus (G) = (G). 
In view of Observation 2.5 and Theorem 2.3, all C4-cactus graphs satisfy 2(G) = (G). We will now prove that
these are the only block-cactus graphs with this property.
Theorem 3.6. Let G be a connected block-cactus graph. Then 2(G) = (G) if and only if G is a C4-cactus.
Proof. It is already clear that, if G is a C4-cactus, the property 2(G)=(G) is valid. Now assume that G is a connected
block-cactus graph with 2(G) = (G). Hence, by Theorem 3.2, (G)2 holds. Let C be an end block of G with cut
vertex u and D a 2(G)-set such that u ∈ D. Then |D ∩ V (C)| = 2(C) is fulﬁlled. Since 2(G) = (G) and every
two-dominating set is also a dominating one, D is a minimum dominating set of G too, and |D ∩ V (C)| = (C) has to
be satisﬁed. It follows that (C) = 2(C), which is only possible for a C4-cycle. Let G′ = G − (V (C) − {u}). Then,
since C is a cycle of length 4, we have 2(G′)2(G) − 1 = (G) − 1(G′) and hence 2(G′) = (G′). Thus, by
Theorem 3.2, (G′)2 holds again. So, we have again a block-cactus graph G′ with the same properties as G but with
one cycle less. If we reduce G′ again by the same method and so on until it is not possible anymore, at the end there
will be only a C4-cycle left and thus G consists of only C4-cycles.
Now consider the following graph F.
F :
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Here 2(F ) = 5 = (F )+1 holds. Note that G is a C4-cactus if and only if G is a graph without bridges which consists
of only C4-cycles and does not contain the graph F as a subgraph. Hence, if G would not be a C4-cactus, we could
reduce G with this method to the graph F and it would contradict the fact that 2(F ) should be equal to (F ). It is now
obvious that G has to be a C4-cactus. 
Corollary 3.7. If G is a connected cactus graph, then 2(G) = (G) if and only if G is a C4-cactus.
Problem 3.8. Characterize other families of connected graphs G with the property that 2(G) = (G). Characterize
all connected graphs G with the property that 2(G) = (G).
Let us ﬁnish this note with a further property on graphs G with 2(G) = (G).
Observation 3.9. Let G be a connected graph. If 2(G) = (G), then G has at least two minimum dominating sets.
Proof. Suppose to the contrary that G has exactly one minimum dominating set D. According to Theorem 2.2, each
vertex d ∈ D has a neighbor f (d) ∈ (V (G) − D) such that f (d) is not a neighbor of a vertex x ∈ D − {d}. Thus
f (d) has exactly one neighbor in D and so D is not a 2-dominating set of G. However, since D is the unique minimum
dominating set of G, we conclude that 2(G)(G) + 1. This contradiction completes the proof. 
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